
How fine particles alter wave propagation in granular media: insights
from micromechanical modelling

X. TANG* and J. YANG*

This paper presents an attempt to address an intriguing question about the role of fine particles
in altering wave propagation in granular media from the micromechanical perspective. A special
effort is made to examine whether the state dependency of shear wave velocity can be
characterised in a unified manner and to establish micromechanical understanding of the
observations from recent physical experiments. To simulate the wave propagation accurately,
several novel techniques are used to build the numerical model to a scale comparable to
laboratory specimens and to effectively eliminate the near-field effect and boundary reflections.
It is shown that, with the presence of fines, the degradation of elastic wave velocity is directly
associated with the reduction of coordination number. The dispersion relationship constructed
from the space–time data of all particles reveals that even a small quantity of fines can cause
severe frequency filtering and attenuation. In association with recent experimental work, the
unified method of characterising the shear wave velocity by the state parameter in the critical
state theory is confirmed by the simulations of both small-strain wave propagation and large-
strain triaxial compression tests. At the microscopic level, a sound relationship is found between
the mechanical coordination number and the stress-normalised shear wave velocity.
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INTRODUCTION
The presence of fine particles in natural and synthetic
granular materials has been recognised as a critical role in
determining the mechanical responses, and how to under-
stand and characterise the effect is emerging as an active
area of research across disciplines. An essential block of
current knowledge is built on extensive laboratory experi-
ments, from evaluating the liquefaction susceptibility of
sands (Kuerbis et al., 1988; Zlatović & Ishihara, 1995;
Lade & Yamamuro, 1997; Murthy et al., 2007; Yang &
Wei, 2012) to characterising their small-strain stiffness
(Salgado et al., 2000; Chien & Oh, 2002; Wichtmann
et al., 2015; Yang & Liu, 2016) in geomechanics and
earthquake engineering. To illustrate this, the accurate
measurement of shear wave velocity (Vs) and the associ-
ated small-strain shear modulus (G0) are mainly obtained
through dynamic probing techniques, among which the
piezoelectric bender element has been frequently used to
generate elastic waves and yield propagation velocities.
The great compatibility of bender elements makes them
quite practical and efficient tools, together with common
laboratory testing apparatuses (i.e. oedometer, triaxial
cell and resonant column). However, as the database
grows rapidly from bender elements, concerns also
become increasingly apparent when analysing and inter-
preting different results, even for a very close topic. On
the one hand, it has to be realised that the versatility of
the bender element has also created different testing set-
ups as well as signal interpretation techniques accordingly,

which makes the comparison of results impractical. For
instance, after summarising the test data of international
parallel tests for small-strain shear modulus, it was found
that the scatter of results points could be attributed to either
the sample preparation procedures or the arrival time identi-
fications (Yamashita et al., 2009; Yang & Gu, 2013). On the
other hand, a comprehensive testing programme is costly
and time-consuming, since the fines, as another influencing
factor in addition to void ratio and stress levels, can vary in
size, shape and even plasticity (Yang & Wei, 2012; Wei &
Yang, 2014). Recently, laboratory experiments have been
performed to study ultrasound transmission through granu-
lar media using advanced technologies such as X-ray tomog-
raphy (Zhai et al., 2020). It can be quite useful to
understand wave propagation based on the information of
imaged particulate media rather than a black box. However,
these tests are currently often limited in terms of grain diam-
eter and sample size.
The discrete-element method (DEM) is designed to simu-

late the interactions by contact laws and kinetics by
Newton’s second law of distinct particles. With increasing
capabilities, DEM has been approved to be ideal for micro-
mechanical investigations into a series of challenging prob-
lems in geophysics and geotechnics (Cundall & Strack,
1979; Oda, 1982; Tsuji et al., 1993; Gu et al., 2020; Zunker
& Kamrin, 2024). With regard to modelling wave propaga-
tion, a limited number of attempts have shown great poten-
tial to overcome some of the limitations in the laboratory
and contributed to improvement of our understanding. A
good example can be found from the numerical investiga-
tion of whether the small-strain modulus is grain size de-
pendent (Ning et al., 2015), which was intended to examine
the original finding from well-controlled laboratory tests
(Yang & Gu, 2013). The DEM results from wave propaga-
tion simulation made the conclusion more persuasive
through extending the range limit of particle size from
2·0mm to 200·0mm, which is almost impossible in any
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common laboratory setting. Although it is difficult to
physically prepare granular specimens with precisely deter-
mined roughness, the surface roughness was incorporated
into Hertzian contact law in DEM and the effect of rough-
ness on the small-strain shear modulus was examined, espe-
cially at low confining pressures (Otsubo et al., 2017). The
numerical techniques on modelling propagation have been
continuously evolving to improve reliability and function-
ality. Similarly to the physical test setting in Jia (2004), an
attempt was made to examine how different damping ratios
affect the coherent and coda-like parts of waveforms
through a two-dimensional (2D) DEM model (Somfai
et al., 2005). To mimic the bender element tests, the wave
propagation process was simulated by agitating a single
particle where the near-field effect was detected and ana-
lysed from a series of three-dimensional (3D) screenshots
(O’Donovan et al., 2015).

It should be noted, however, that simulating wave propa-
gation in a sample of representative volume element (RVE)
size usually focuses on extracting elastic wave velocities
from time-domain signals where the near-field effect is still
possibly pronounced. In terms of sample size, there was a
study that showed the elastic wave velocities depend on the
positions of receivers along the entire granular bar and
revealed that even slight disorder into regular packing can
cause noticeable frequency filtering (Mouraille & Luding,
2008). In a subsequent study, the differences were spotted
in the results obtained for small-strain stiffness in relation
to static compression and wave propagation tests (Cheng
et al., 2020). With elongated granular specimens, they dem-
onstrated that the peak branch of the dispersion relation
can provide the most consistent results of elastic wave
velocities regardless of input frequencies. More recently, a
scaled-up DEMmodel was built to simulate the wave prop-
agation in granular assemblies with different shape factors
(Tang & Yang, 2021), which confirmed laboratory experi-
mental results that the wave velocity increases with particle
angularity (Liu & Yang, 2018). Therefore, it can be benefi-
cial to adopt the most updated modelling techniques to
simulate the wave propagation in granular media contain-
ing fines in order to deepen our understanding of this im-
portant problem.

As fines content (FC) varies from case to case either in
the laboratory or on site, it is essential to characterise the
effect of fines in predicting Vs and G0 for a broad range of
engineering applications. The void ratio and confining
stress are considered as key factors that can be expressed
as:

G0 ¼ AF eð Þ p
pa

� �n

(1)

where G0 is in MPa; p is the mean effective stress in kPa; pa
is a reference stress (i.e. 101 kPa); A and n are two best-fit
parameters; and F(e) is an empirically defined function of
current void ratio e (i.e. the void ratio corresponding to the
mean effective stress p). It can be expected that numerous
sets of A and n will be identified as long as FC changes.
One of the possible methods is to incorporate the variant
FC into existing parameters. For instance, an empirical
model was proposed to transform the effect of gradation
and FC into void ratio function F(e) and stress exponent n
(Wichtmann et al., 2015). Nonetheless, the eventual func-
tion becomes cumbersome and has potential limitation for
materials outside the database. As reported, the liquefac-
tion potential notably increases as crushed silica silt is
added into Toyoura sand, which clearly indicates that the
shear behaviour of granular materials is state dependent
(Yang & Wei, 2012). In a following study by Yang & Liu

(2016), both resonant column and bender element tests
were conducted over a series of mixtures of clean quartz
sand and crushed silica fines; based on the physical obser-
vations that G0 decreases as the FC increases, an alternative
method was proposed to characterise G0 for both clean
sand and sand–fines mixtures using the state parameter (W)
in the context of critical state theory (Been & Jefferies,
1985). Later, an appealing framework was proposed to
evaluate the state of sand with varying FC by Vs (Yang
et al., 2018). As the framework is built on two types of lab-
oratory experiments at small strain and large strain, it is of
great interest to examine whether it can be validated by the
particle-level simulations and, more importantly, what is
the micromechanical mechanism involved.
This paper presents an attempt to address these concerns

with the aim to develop new insights into the behaviour of
wave propagation in granular media containing fines. The
structure of this paper is as follows. First, the numerical
techniques and procedures are introduced for small-strain
elastic wave propagation and large-strain triaxial tests that
are both performed. Second, specific simulation cases are
prepared to demonstrate the effect of FC on wave propaga-
tion along with interpretation and analysis on wave speed,
attenuation and frequency filtering. The general trend of
wave velocities with varying FC and the micromechanical
analysis will then be presented. Finally, the unified method
of characterising wave velocities by state parameter, devel-
oped from recent experimental results (Yang et al., 2018),
is examined using the systematic dataset from both small-
strain and large-strain simulations, and the underlying
micromechanical mechanism is explored.

NUMERICAL MODELLING
The DEM simulations are performed using the in-house

numerical code developed on the platform of LIGGGHTS
(Kloss et al., 2012) and parallel computing resources from
the University of Hong Kong are leveraged to complete
several hundreds of simulation cases used in the current
study.

Test material and sample preparation
The material includes two parts to mimic laboratory

experiments: coarse particles as the base material and fine
particles as the additive. The base material has a mean par-
ticle size of 1·0mm with the coefficient of uniformity Cu of
1·53. The fine particles have the mono size of 0·286mm and
are mixed with the base material counted by weight, namely,
FC ¼ 0, 2·5, 5·0 and 10%. The size ratio (SR), D50/d50, is
approximately 3·50, where D50 and d50 are the mean sizes
of base material and FC, respectively. The resulting grad-
ing curves are plotted in Fig. 1 and the assemblies with
varying FC are abbreviated as FC-0, FC-2·5, FC-5 and
FC-10, respectively. The value of SR is essential for bi-
modal or gap-graded packings where fines can exist in the
voids formed by coarse grains (Lade et al., 1998; Rahman
& Lo, 2008; Yang et al., 2015; Shire & O’Sullivan, 2016;
Wei & Yang, 2023). In this study, the SR between coarse
and fine particles is selected so that the role of fines can be
investigated at reasonable computation cost. Laboratory
tests have shown that the effect of fines is evident on elas-
tic wave velocity and associated modulus at SR values of
3·5 (Choo & Burns, 2015) and 4·0 (Yang & Liu, 2016).
With regard to particle-level simulations, Liu et al. (2023)
showed that the trapping effect of fines between coarse
particles is observed when SR ¼ 3·7 and FC ≤20%. The
numbers of coarse and fine particles in this study are
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summarised in Table 1. The interparticle forces between con-
tact objects can be calculated based on force–displacement
law in normal and shear directions (Johnson, 1985).
Similarly to other geomechanical modelling, here the non-
linear Hertz–Mindlin contact law is adopted for all particles.
With the normal overlap δn and the relative tangential dis-
placement δt, the normal and shear contact forces, fn and ft,
are obtained based on the force–displacement law as (Tang
& Yang, 2021):

f n ¼ kndn ¼ 4
3
E� ffiffiffiffiffiffiffiffiffiffi

R�dn
p

dn (2)

Df t ¼ ktDdt ¼ 8G� ffiffiffiffiffiffiffiffiffiffi
R�dn

p
Ddt (3)

j f tj � tan μj f nj (4)

with

1
E� ¼

1� ν2i
� �

Ei
þ

1� ν2j
� �

Ej

1
G� ¼

2 2� νið Þ 1þ νj
� �

Ei
þ 2 2� νjð Þ 1þ νið Þ

Ej

1
R� ¼

1
Ri

þ 1
Rj

where substitutes i and j represent the two contacting par-
ticles; E and ν are the Young’s modulus and Poisson’s ratio
of particles; R refers to the particle radius; and μ is the inter-
particle friction coefficient. It is obvious that the tangential
force ft needs to be updated and calculated in an incremental

manner at each time step and checked against its maximum
ft. The material properties are selected for typical quartz:
Young’s modulus is 70 GPa, the Poisson’s ratio is 0·22 and
the interparticle friction coefficient is 0·25 unless otherwise
specified (Huang et al., 2014). In the case where sand par-
ticles and fines have significantly different mineral composi-
tions, then different material properties can be assumed for
sand and fine particles. Throughout the study, periodic
boundary conditions are always maintained. To make each
RVE, non-contact spheres including fine grains are initially
placed into the periodic cell with the dimensions slightly
larger than 19 � 19 � 38 mm3 (hereafter length by width by
height or X-axis by Y-axis by Z-axis). The average stress ten-
sor follows the formula (Christoffersen et al., 1981):

r ¼ 1
V

X
Nc
f c � dc (5)

where Nc refers to the total contact number; V is the cell
volume; dc is the branch vector joining two centroids of
particles; and f c is the contact force. And the average strain
tensor is simply calculated from the cell deformation:

εi ¼ Hi tð Þ �Hi t0ð Þ
Hi t0ð Þ (6)

where Hi(t) and Hi(t0) are the cell dimensions at current
and reference configuration, respectively. Then the periodic
cell is subjected to isotropic consolidation through a stress-
controlled servo system (Cundall, 1988):

_ε ¼ _emax
rtar � rcur

rtar
(7)

where _emax is the input parameter that regulates the largest
strain rate at every time step; σtar and σcur denote the target
stress and current stress level, respectively. The consolidation
process will terminate only when the stress tolerance is stably
below 0·001%, during which the local damping coefficient is
set as 0·1 (Cundall & Strack, 1979) and will be adjusted to 0
during the wave tests. Using different inter-particle friction
coefficients (i.e. from 0 to 0·25), in total, 185 granular speci-
mens are generated with varying initial density under the iso-
tropic confining pressure of 50 kPa. The initial RVEs will
then be isotropically compressed to the target stress levels (i.e.
100 to5000kPa) for the following numerical tests.

Triaxial test simulation
Often in laboratory experiments, triaxial tests and wave

propagation tests are performed separately on different
specimens. In this study, the isotropically consolidated
RVEs used for the wave propagation tests will be subjected
to triaxial tests to establish critical state parameters. This
approach allows for reducing the possible uncertainties from
physical tests and obtaining more accurate critical state pa-
rameters for the interpretation of wave velocities in the criti-
cal state framework. With RVEs at varying initial states,
different types of triaxial tests are simulated under a dry

Fig. 1. Particle size distribution curves with inset plot of FC-10
RVE at 50 kPa.

Table 1. Number of base materials and fines particles in RVEs and elongated specimens with varying FC

Number of particles FC-0 FC-2·5 FC-5 FC-10

RVE
Fines content 0 2·5% 5% 10%
Base materials 16 400 16324 16150 16433
Fines particles 0 16176 32850 70567
Total 16 400 32500 49000 87000

Elongated
Total 131 200 260 000 392 000 696 000
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condition including the conventional compression test, con-
stant mean stress compression test and constant volume test.
It should be noted again that the current DEM model simu-
lates the dry grains where no fluid pressure is generated. The
inertia number and strain level are consistently monitored to
obtain reliable mechanical responses. Consistent results on
critical state can be obtained if the inertial number, L, is below
1·0 � 10−3 during the triaxial test (Lopera Perez et al., 2016).
The inertial number is expressed as in (Da Cruz et al., 2005):

L ¼ _γ�d
ffiffiffiffiffi
ρg
p

r
(8)

where _γ is the shearing rate; �d is the mean particle size; ρg is
the particle density; and p is the mean effective stress. And the
critical state of granular soils can be analytically described as:

_p ¼ 0
_s ¼ 0
_εv ¼ 0
_ed 6¼ 0

8>>><
>>>:

(9)

where the superposed dot denotes the incremental quanti-
ties; p stands for the hydrostatic pressure in terms of
p ¼ 1

3 trr; s refers to the deviatoric stress tensor acquired
from s ¼ σ − pI; ev ¼ tre stands for the volumetric strain
with e as the strain tensor; ed ¼ e� εv

3 I stands for the devia-
toric strain (Yang & Luo, 2015). The recent anisotropic criti-
cal state theory enhances the requirement for reaching the
critical state by including a fabric quantity (Li & Dafalias,
2012). It should be noted that fabric and its evolution is dif-
ficult to measure in physical experiments as compared with
the quantities specified in equation (9). To ensure the attain-
ment of critical states in the simulations, the loading will not
be terminated until the axial strain is equal to or higher than
50% (except for the cases with failure). Also, strain localisa-
tion (Alshibli et al., 2003) is avoided in the simulations with
the aid of periodic boundary conditions.

Wave propagation simulation
It should be mentioned that the periodic cell is inherently

suitable for multiplying the element specimen. Under

periodic boundary conditions, ghost particles are identical
from the other side or near the edges or boundaries. In
this study, MPI parallel computing is activated so that the
particle and kinetic information are stored in each sub-
processor during timestep iterations. As illustrated in
Fig. 2, the information of a RVE was gathered from the
last previous timestep and re-signed to an expanded new
sub-domain. In terms of expected dimension, each RVE is
replicated by eight times in the Z-axis (Cheng et al., 2020;
Tang & Yang, 2021), thus resulting in an elongated sam-
ple a little smaller than 19 � 19 � 304 mm3. It is apparent
that the height dimension now becomes comparable with
physical specimen size in some of the laboratory experi-
ments (Yang & Gu, 2013; Yang & Liu, 2016). The elon-
gated specimen can create enough space for a more
complete wave propagation to be clearly observed, cap-
tured and analysed. Despite the obvious increase in com-
putation cost, the benefit of increasing sample size can
provide information of continuous change of the fre-
quency spectrum. Following the replication process, the
calm-down process is necessary and one type of artificial
damping is introduced as:

f vd ¼ �γvelk f pksign v p � f pð Þ (10)

where fvd is the damping force caused by this damping
mechanism; γvel is the velocity damping coefficient, which
falls into [0, 1·0]; v is the current velocity. The calm-down
cycles are terminated once the average particle velocity is
steadily on or below 1·0 � 10-7 m/s. For numerical model-
ling of wave propagation, the boundary condition is crucial
as the element sample is limited compared to the wave
propagation distance, and thus potentially affects simula-
tion accuracy. In the current study, as demonstrated in
Fig. 3, boundary conditions are also carefully treated
whereby two outermost layers are thoroughly frozen and
the immediate neighbouring layers are the cushion layers
that absorb kinetic energy based on artificial damping.
Except for the frozen boundary layers, the coefficient of
restitution (Cp

r ) has been considered for particles to charac-
terise the physical energy dissipation associated with con-
tact impact, and the Cp

r value of 0·95 (Gollwitzer et al.,
2012) is adopted. Otherwise, none of any artificial damping

Fig. 2. Illustration of generating elongated sample from representative volume element (RVE) under parallel computing framework
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is effective during the wave propagation test. In this way, a
wave can propagate from one end towards another with
very minimal reflections and disturbance; more details can
be found in Tang & Yang (2021). The elastic wave is agi-
tated by way of a transmitter in the form of velocity at
1·0 � 10−3 m/s, which causes the maximum displacement
below 1·0 � 10−8 m and thus preserves the very small-strain
regime. Then the wave will propagate towards the other
end with minimal reflections and with periodicity in the
other two directions. It is noted that the input waveform is
taken as a single sine wave:

v ¼ v0 þ Asin ωtð Þ (11)

where the A is the amplitude in terms of velocity; ω ¼ 2πf is
the input angular frequency and f is the frequency; v0 is the
original velocity that is at or below 1·0 � 10−7 m/s. The
input frequencies ( fin) are selected from 10 kHz to 400 kHz
as the wavelength helps to avoid the near-field effect with-
out losing the wave signal quality. The input parameters
are summarised in Table 2. The input frequency used to be
a major issue in the physical test as it couples with the effect

from sample size and grain size. As illustrated in Fig. 3,
there are five evenly distributed distances between the
transducer (T) and receiver no. 5 (R5). For a given speci-
men, the relative positions of all receivers are so assigned
and fixed in this manner once the elongation process is
completed. As shown in Fig. 4, the variation of input fre-
quencies (10 to 400 kHz) is observed to affect the forms of
received signals. The peak amplitude of the received signal
decreases as the input frequency increases. The peak-to-
peak method is commonly applied to sine wave input,
where the travel time is defined as the difference between
the peak of the input signal and the first corresponding
peak of the output signal. For example, in Fig. 4, the travel
time and wave velocity at R2 can be determined sequen-
tially with increasing input frequency. It turns out that the
calculated speeds are almost identical and the effect of
input frequency is very minor.

Interpretation of wave signals
For a common wave experiment, the input waveform

and detected waveform are the only key information with
certain propagation distances. Even so, the determination
of the wave velocity from physical tests usually faces many
uncertainties and a unified technique is quite challenging.
Therefore, multiple receivers are placed along the propaga-
tion direction to examine if the determined propagation
speed is consistent (i.e. abbreviated as R1 to R5 in Fig. 3).
Based on the preliminary findings, the peak-to-peak
method is selected to determine the so-called time-of-flight
velocity of the specimen with fin ¼ 100 kHz, which gives
very consistent results; a similar observation was noted in
Cheng et al. (2020). Taking advantage of the DEM, it is
convenient to monitor and record the kinetic information
of every particle during every timestep of the propagation
process. The dispersion relation is therefore generated by
2D Fourier transformation (Mouraille & Luding, 2008;
Saitoh et al., 2019). For any particle inside the long sample,
its position can be expressed as xi and the velocity evolu-
tion with time as vi(t). The Fourier transformation can be

Fig. 3. Illustration of key elements involved in modelling wave propagation in enlarged granular medium. The input wave signal is agitated
as a single sine wave with minimum velocity amplitude as the boundary condition treatment

Table 2. Key input parameters for the current numerical model

Terms Value Unit

Dimension of RVE 19 � 19 � 38 mm3

Dimension of long sample 19 � 19 � 304 mm3

Mean particle size of base material, D50 1·0 mm
Mean particle size of fines, d50 0·286 mm
Particle Young’s modulus, Ep 70·0 GPa
Particle Poisson’s ratio, νp 0·22 —
Particle restitution coefficient, Cp

r 0·95 —
Consolidation inter-particle friction, μcons 0·0 to 0·2475 —
Shear inter-particle friction, μshear 0·25 —
Input sine wave amplitude, Ain 1·0 � 10−3 m/s
Input sine wave frequency, fin 10 to 400 kHz
Time step, Dt 5·0 � 10−9 s
Local damping coefficient, γlocal 0·1 (0 during

wave test)
—

Velocity damping coefficient, γvel 0·5 (0 during
wave test)

—
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operated from time domain to wavenumber domain by
way of a position vector, which is expressed as:

vk ¼
XN
i¼1

vi tð Þe�Ikxi t (12)

where I is the imaginary unit and k is the wave vector. Next
the second Fourier transformation is operated from time
domain to frequency domain as:

vk ωð Þ ¼
ð1
0
vk tð ÞeIωtdt (13)

which produces the power spectrum of the particle velocity
χ ¼ |vk(ω)|

2. The long-wavelength velocity can be deter-
mined from the peak branch of the dispersion relation on
the condition of limk!0ω=k. It should be mentioned that
both compression (P-) wave and shear (S-) wave tests have
been performed for all the elongated samples and only
S-wave simulation results are used to analyse the wave
behaviour in the following content. As illustrated in Fig. 5,
the attenuation is observed to be more severe across the fre-
quency content as the input frequency increases from
10 to 400Hz. The vibrational density of states (vDoS) is
usually used to investigate the sample responses upon vary-
ing frequencies. Just as 2D FFT, the vDoS is readily
obtained as (Cheng et al., 2020; Tang & Yang, 2021):

D ωð Þ ¼
XNkdk

dk

χ k;ωð ÞDk (14)

where dk and Nk are the minimum and maximum wave-
numbers defined by the packing length and particle size. In
other words, the replication number and associated sample
dimension determines the accuracy of both dispersion rela-
tion and vDoS.

RESULTS AND DISCUSSION
Wave behaviour in granular media with fines
To understand the effect of FC on wave propagation,

three specific samples with varying FC (i.e. 0, 2·5 and 5%)
are prepared with the void ratio close to 0·540 under the
isotropic confining pressure of 100 kPa. The samples are
labelled as FC-0-T1, FC-2·5-T2 and FC-5-T3, respectively,
and the associated information is summarised in Table 3.
From the post-processing images shown in Fig. 6, it is intu-
itive to observe that shear waves propagate at varying
speeds and the profiles of the planar-like wave fronts are
notably different through the granular samples with vary-
ing FC. The received wave signals at receiver 3 (R3) are
plotted in Fig. 7 to exhibit the difference in time domain. It
is noted that Vs determined by peak-to-peak method on the

Fig. 4. The effect of input frequencies on received waveforms of shear wave test for a FC-0 sample (e 5 0·540, p 5 100 kPa). ζ denotes
the amplification factor that magnifies the amplitude of output signals: (a) R2, fin 5 10 kHz, ζ 5 1·0; (b) R4, fin 5 10 kHz, ζ 5 1·0;
(c) R2, fin 5 50 kHz, ζ 5 2·0; (d) R4, fin 5 50 kHz, ζ 5 2·0; (e) R2, fin 5 100 kHz, ζ 5 7·0; (f) R4, fin 5 100 kHz, ζ 5 10·0;
(g) R2, fin 5 400 kHz, ζ 5 100·0; (h) R4, fin 5 400 kHz, ζ 5 150·0
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time-domain signal is used for the following discussion.
The arrival of the first peak is delayed as FC increases and
the shear wave velocity decreases from 357·73m/s to
304·85m/s. The amplitude of the first peak decreases
approximately from 5·0 � 10−5 m/s to 2·0 � 10−5 m/s,
which indicates a higher damping mechanism directly
attributed to higher FC. In addition to time domain, the
transmission of frequency spectrums can be generated to
explore the evolution of the wave frequency content. As
plotted in the middle column of Fig. 7, it can be observed
that the sharp reduction occurs immediately after the
wave propagation and the distance is about 20 times the
mean particle size (that is 20D50). Also, it can be identified
that the cut-off frequency, fcut, decreases from around
39·3 to 21·9 kHz, accompanied by a prominent reduction
in amplitudes for the overall frequency range. Having
observed the considerable effect of FC, it is important to
uncover the micromechanical insights on wave propaga-
tion. The conventional coordination number is defined as
Z ¼ 2Nc/Np, where Nc is the number of contacts and Np is
the number of particles. As highlighted in Gu & Yang
(2013), the mechanical coordination number is more effec-
tive in characterising the elastic properties of granular
materials, which is expressed as in Thornton (2000):

ZM ¼ 2Nc �N1
p

Np � N0
p þN1

p

� � (15)

where N0
p denotes the number of particles without any con-

tact, and N1
p refers to the number of particles with only one

contact. As listed in Table 3, both Z and ZM decrease while
the difference between Z and ZM increases as FC increases
up to 5%, which implies that a higher FC is associated with
a higher percentage of rattlers that are not effectively
involved in the contact network. As shown in Fig. 8, the
inhomogeneity of the force chain network increases as the
FC increases. In spite of the uniformity variations of con-
tact force distribution, a great linear correlation can be
identified between Vs and ZM as Vs ¼ 59·31ZM. When it
comes to cut-off frequency, it is also clear that fcut and ZM
can be linearly correlated as

fcut ¼ 18�20ZM � 71�60 (16)

Both from post-processing images and wave analyses, it
is found that the propagated wave signal is strongly linked
with the effective contact numbers. It is also observed from
Fig. 6 that the chaotic oscillation is stronger as FC
increases, which supports the findings that the scattering
phase is mainly influenced by the internal contact network
(Jia, 2004). Bassett et al. (2012) carried a 2D sound propa-
gation test on photo-elastic nodes and suggested that the
scattering phase can be better predicted by local structures.
Further numerical investigation will be helpful to eludicate
how the configuration of contact network affects the wave
scattering.
In order to isolate the effect of FC, in total, four samples

are prepared based on FC ¼ 2·5%, including FC-2·5-T1
under the isotropic confining pressure of 100 kPa. In

Fig. 5. The effect of input frequencies on dispersion relations of shear wave test for a FC-0 sample (e 5 0·540, p 5 100 kPa): (a) fin 5
10 kHz; (b) fin 5 50 kHz; (c) fin 5 100 kHz; (d) fin 5 400 kHz

Table 3. Comparison test series concerning the fines content (FC)
effect

Sample ID e Z ZM Vs: m/s

FC-0-T1 0·523 5·479 6·057 357·730
FC-2·5-T2 0·524 2·684 5·705 339·090
FC-5-T3 0·523 1·650 5·125 304·850
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particular, the post-consolidation void ratio varies from
0·499 to 0·568 covering the dense state to the loose state of
this spherical granular material in DEM; these are
labelled FC-2·5-T0, T1, T2 and T3. Dispersion relations
of shear waves in specimens of FC-2·5 with different void
ratios at the isotropic confining pressure of 100 kPa are:
(a) FC-2·5-T0, e ¼ 0·499; (b) FC-2·5-T2, e ¼ 0·559; (c)
FC-2·5-T3, e ¼ 0·568. As shown in Fig. 9, it is notable
that the highlighted bright colours faded from a dense to a
loose state, which represents the peak values of the 2D
Fourier transformation graphs. Furthermore, it is evident
that much more high-frequency content has been filtered
out in the loose sample referring to the horizontal and ver-
tical axes. It is also clear that the overall amplitude of the
power spectrum drops as the void ratio increases, which
indicates a higher attenuation effect. In particular, the
peak value of FC-2·5-T3 is around five times smaller than
that of FC-2·5-T0, which can be explained by the obvious
smaller ZM. These are very good examples demonstrating

how the states of specimens can significantly affect the
dispersive behaviour of granular media.
Having addressed the effect of void ratio, it is also inter-

esting to discover the effect on confining stress as the eleva-
tion of stress level can enhance the overall efficiency of the
contact network, which is commonly represented in different
empirical formulas. A very loose sample, namely FC-2·5-
IC100, is prepared with the void ratio of 0·592 at the iso-
tropic confining pressure of 100 kPa. Then the sample is fur-
ther consolidated up to 5000 kPa and in total three states are
used here for discussion, namely, FC-2·5-IC100, IC2000
and IC5000. As can be directly seen from Fig. 10, it is
obvious that the peak branches have generally higher
maximum amplitudes and rotate anti-clockwise as the
confining pressure increases. The anti-clockwise rotation
intuitively indicates the increase of group velocity. Also,
more frequency content can be found to transit through
the assembly along with the elevated stress levels. In par-
ticular, the cut-off frequency, fcut, increases from about 25
to 70 kHz. Therefore, not only wave velocity but also the
transmitted frequency spectrum is altered as the isotropic
stress levels grows. With these findings, it is understood
that either the effective contact number or the average
contact force can notably affect the wave speed, attenua-
tion and filtering.

Cross-scale characterisation of shear wave velocities
As mentioned earlier, several hundreds of wave propaga-

tion tests are performed to generate a systematic dataset in
terms of FC, void ratio and confining stress. As shown in
Fig. 11, the shear wave velocities are plotted against void
ratio for each material from low to high confining stresses.
The general trend is well supported by the laboratory test
results by Yang & Liu (2016): that is, under otherwise simi-
lar conditions, Vs decreases as the FC increases. From the
classic equation (Hardin & Richart, 1963), shear wave
velocities can be predicted by the void ratio, e, and the cor-
responding mean effective stress, p, which is conventionally
expressed as:

Vs ¼ αs Bs � eð Þp βs (17)

where the subscript s denotes the shear wave; Bs, αs and βs
are fitting parameters. After fitting the shear wave veloc-
ities, for each type of material with a certain FC, the fitted
Bs values vary slightly with varying stress levels. Within 5%
FC, Bs is approximately the same and drops to 0·75 when
the FC increases up to 10%. The αs value is observed to
decrease from 335·073 to 283·793 as the FC increases up to
5%, and then suddenly rises up to 456·148. The fitting pa-
rameters are listed for samples with varying FC in Table 4.
Referring to Fig. 12(a), there are good relationships
between Vs/f(e) and p for materials with varying FC where
f(e) ¼ Bs − e. It is clear that no unique relationship can be
identified if FC significantly varies. Similar observations
can also be obtained from laboratory tests on Toyoura
sand mixed with different amounts of fines (Yang et al.,
2018). It appears from Fig. 12(a) that there is a turning
point between FC-5 and FC-10. The reason for the
observed turning point is that the void ratio range of DEM
specimens tends to shift towards the smaller side with
increasing FC, as shown in Fig. 12(b), and this void ratio
difference will affect the void ratio function f(e). If the
stress-normalised shear wave velocities Vs1 are plotted
against e, where Vs1 ¼ Vs(pa/p)

1/6, it becomes clear that, for
a given e, Vs1 is smaller as the FC is higher, suggesting that
the effect of FC is continuous and there is no transitional
behaviour for the range of FC. Future work to expand the

Fig. 6. Post-process visualisations of shear wave propagation in
the elongated specimens with different fines content (FC) but
similar post-consolidation state (e ≈ 0·523, p 5 100 kPa): (a)
elapsed propagation time at 4·0 3 10−4 s; (b) elapsed propagation
time at 6·0 3 10-4 s
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present study from a low percentage to a high percentage
(Wichtmann et al., 2015; Lopera Perez et al., 2016) would
be of interest.
As an alternative density index for sand–fines mixtures,

equivalent void ratio (or intergranular void ratio) has
received increasing attention (Thevanayagam & Martin,
2002; Ni et al., 2004; Rahman et al., 2008; Lashkari, 2014).
By assuming a certain amount of fines participates in the
force transmission of sand–fines mixtures, the equivalent
skeleton void ratio, e*, is defined as

e� ¼ eþ 1� bð ÞFC
1� 1� bð ÞFC (18)

where b stands for the portion of fines that are involved in
force transmission inside sand–fines mixtures. Based on the
definition, b shall vary between 0 and 1. When b ¼ 0, the
intergranular void ratio shrinks to the so-called skeleton
void ratio that assumes no FC takes part in transferring
forces. Often the b value is determined by an empirical for-
mula (Rahman et al., 2008) or back-analysis of test data

Fig. 7. Comparison on dispersion relation, frequency spectrum transmission and time-domain signals of shear waves for materials with
varying FC at similar state (e ≈ 0·523, p 5 100 kPa): (a), (b), (c) FC-0-T1; (d), (e), (f) FC-2·5-T2; (g), (h), (i) FC-5-T3

Fig. 8. Cross-sections of contact force network of specimens with varying FC at similar states (e ≈ 0·523, p 5 100 kPa): (a) FC-0-T1;
(b) FC-2·5-T2; (c) FC-5-T3
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Fig. 9. Dispersion relations of shear waves in specimens of FC-2·5 with different void ratios at p 5 100 kPa: (a) FC-2·5-T0, e 5 0·499;
(b) FC-2·5-T2, e 5 0·559; (c) FC-2·5-T3, e 5 0·568

Fig. 10. Dispersion relations of shear waves in specimens of FC-2·5-IC100 (e 5 0·592, p 5 100 kPa) with elevated stress levels: (a) FC-
2·5-IC100; (b) FC-2·5-IC2000 (c) FC-2·5-IC5000

Fig. 11. Relationship between shear wave velocity Vs and void ratio e for specimens with varying fines content (FC) at different mean
effective stresses: (a) FC-0; (b) FC-2·5; (c) FC-5; (d) FC-10
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(Thevanayagam et al., 2002; Ni et al., 2004). Recently, the
equivalent void ratio has been extended to the equivalent
state parameter (Lashkari, 2014; Rahman & Lo, 2014).
While the idea appears to be appealing, care should be used
as the calculated b values may not always bear the physical
meaning assumed, as shown by particle-level simulations of
sand–fines mixtures (Luo & Yang, 2013) and by the back-
analysis of different datasets of sand–fines mixtures in the
literature (Lashkari, 2014). It was also noted that the
behaviour of sand–fines mixtures may not be necessarily
unified by simply using the equivalent skeleton void ratio
(Carrera et al., 2011; Yang et al., 2015). This inconsistency
is not surprising since intergranular contacts of mixed soils
are highly complex and depend on many factors, including
particle characteristics (Yang et al., 2015; Wei & Yang,
2023).
In an elastic medium, the shear wave is transmitted in

bulk matter that is equal to the square root of the ratio of
shear modulus and density as expressed as Vs ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
G0=ρd

p
,

where G0 is the shear modulus at small strain and ρd is the
dry sample density. The effective medium theory (EMT)
has been commonly employed to characterise and predict
the elastic properties of homogenised granular solids
(Chang et al., 1995), which fundamentally connects the
macroscopic elastic properties and microscopic parameters
at small strain. From the EMT theory, for a given p, the
relationship between wave velocities and microscopic pa-
rameters can be proposed as

Vs �Z1=3
M e�1=3p1=6 (19)

where Vs refers to the shear wave velocity; ZM is the me-
chanical coordination number; and e is the void ratio under
the mean effective stress p. At constant void ratio and
mean effective stress, it is clear that the ZM is observed to
be smaller if the FC increases (see Fig. 13(a)). To isolate
the effect of confining stresses, a fairly good relationship
can be identified between the stress-normalised Vs1 and
ZM

1=3, as demonstrated in Fig. 13(b). Similarly, the macro-
scopic small-strain shear modulus and microscopic average
contact number can be expected based on

G0 � ZM

1þ e

� �2=3

p1=3 (20)

The micromechanical approach is physically intuitive as
it reflects the compound effect of effective connectivity and
force magnitude of the contact network inside the granular
media.

Table 4. Fitting parameters for characterising the shear wave
velocities with varying FC

Material Bs αs βs

FC-0 1·001 335·073 0·175
FC-2·5 0·977 322·546 0·176
FC-5 0·991 283·793 0·182
FC-10 0·750 456·148 0·176

Fig. 12. Characterisation of Vs by conventional approach: (a) Vs/f(e) plotted against p; (b) Vs1 plotted against e

Fig. 13. Micromechanical characterisation of elastic wave velocities and associated shear modulus with presence of varying fines content
(FC): (a) ZM plotted against e; (b) Vs1 plotted against Z1=3

M
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Characterisation of wave velocities by unified framework
under critical state soil mechanics
Based on the principles of unified framework, there are

two types of tests required to characterise the shear wave
velocities by state parameter. In this study, triaxial tests are
numerically modelled on the exact same RVEs that are pur-
posely modified for wave propagation. Particularly, more
than 100 triaxial tests are performed to establish reliable
critical state lines. Often, it is convenient to characterise the
critical state by projecting the status into two planes as
expressed as:

q ¼ Mp (21)

e ¼ ecs ¼ eC� λe
p
pa

� �ξe
(22)

where eC is usually taken as the void ratio intercepting at p¼ 0,
and λe refers to the slope of the straight critical state line.
It should be mentioned that the optimised ξe is found to
be 0·75, so different from the 0·60 that has been widely
used in extensive laboratory testing results (Yang et al.,
2018). As illustrated in Fig. 14(a), it seems that the critical
friction angle seems not to be affected by varying FC. In
particular, a constant M is identified as 0·692 at critical
state, and the critical state friction angle φcs is 18·07°,
which is well matched by the prediction of Yang & Luo
(2015). As for critical state characteristics in the e–p plane
shown in Fig. 14(b), the critical state locus (CSL) is
observed to shift downwards clearly. Referring to equations
(21) & (22), the critical state parameters are summarised in
the inset plot of Fig. 14(b), which clearly indicates that eC
decreases from 0·607 to 0·479. The parameter λe seems not to
be changed based on the stress exponent ξe ¼ 0·75. The cur-
rent simulation results are generally matched with the labora-
tory testing results on Toyoura sand mixed with crushed silica
fines (Yang et al., 2018).
Once the CSL is known, the state parameter for the wave

test sample can be obtained by referring the initial state to
the critical state. It is noted that most of the samples tend
to be located at the dense side, probably because only
spherical particles are adopted under dry conditions. For
each wave test specimen, its state parameter can be deter-
mined as W ¼ e − ecs, where e denotes the current void ratio
and ecs is the critical state void ratio (Been & Jefferies,
1985). If all data points of Vs are plotted here in Fig. 15(a),
no unique relationship exists between the two quantities
concerned. And if the shear wave velocity is normalised by
the stress, it exhibits a fairly good relationship between Vs1

Fig. 14. Critical state lines for varying fines content (FC) from
series of triaxial tests: (a) CSL in q–p plane; (b) CSL in e–p plane

Fig. 15. Characterisation of stress-normalised shear wave velocities of materials with varying fines content (FC) by different methods:
(a) Vs1 plotted against e; (b) Vs1 plotted against W
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and W, other than scattering points (see Fig. 15(b)). The
corresponding relation can be expressed as

Vs1 ¼ Vs pa=pð Þn ¼ A� BW (23)

where A, B and n are material constants dependent on parti-
cle characteristics. From the DEM results here, they are
determined as 289·28m/s, 776·77m/s and 0·185. The signifi-
cance of Equation (23) is that it represents a unified relation-
ship connecting Vs1 and W for both clean and silty sands, in
which W is a rational state variable to characterise mechani-
cal behaviour under both monotonic and cyclic loading con-
ditions (Yang, 2024). Along with laboratory experiments
(Yang et al., 2018), the particle-level simulation results here
lend good support to such a unified relationship and provide
insights into the microscopic mechanism. Its application in
soil liquefaction evaluation has been demonstrated to be
rather appealing (Yang, 2024).

SUMMARY AND CONCLUSIONS
Elastic wave propagation in granular media is one of the

most fundamental problems in mechanics and physics, hav-
ing both scientific fascination and practical importance
across many disciplines. This paper presents a novel study
that is aimed at exploring the role of fine particles in alter-
ing elastic wave propagation, including both wave velocity
and the frequency spectrum in granular media. Different
approaches to characterise the shear wave velocities of
granular materials with varying FC are examined. The
main results and findings are summarised below.

(a) For a given initial state in terms of void ratio and
confining stress, the shear wave velocity reduces with
increasing FC. Meanwhile, it is found that much more
high-frequency content is filtered and the damping effect
becomes notably higher during the propagation process
in granular media with higher FC. The associated
features of wave propagation can be well correlated to the
effective contact numbers other than the homogeneity
degree of the contact network.

(b) Based on a broad range of simulation results, it is
observed that the range of void ratio generally shifts
towards smaller values as the FC increases, which
results in difficulties when characterising the wave
velocities for granular assemblies mixed with fines. At
the particulate level, the coordination number
decreases as the FC increases for a given reference
state. It is also found that there are higher percentage
of rattlers and less effective contacts as the FC
increases. Based on the EMT theory, a sound
relationship is found between the mechanical
coordination number and the stress-normalised shear
wave velocity.

(c) Based on the numerical triaxial tests conducted on
similar granular assemblies, it is found that the critical
state friction angle is not sensitive to the presence of
fines, but the critical state line on the e–p plane shifts
downwards as the FC increases. Given the systematic
simulation data, it becomes convincing that the
scattered data points observed in the Vs–e plot can be
resolved by replacing e with ψ, which firmly supports
that the unified framework, developed from recent
laboratory experiments (Yang & Liu, 2016; Yang
et al., 2018), is able to characterise the shear wave
velocity of granular materials regardless of FC in a
simple yet rational way.
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NOTATION
Bs, αs, βs fitting parameters of shear wave velocities

dc branch vector
e global void ratio (ratio between volume of void

space and volume of solids)
e* equivalent skeleton void ratio or intergranular void

ratio
ecs critical state void ratio
eC void ratio intercept for critical state line in power-

law form
f c contact force tensor
fcut cut-off frequency
fin input frequency
fn contact normal force
ft contact tangential force

fvd relative velocity based viscous damping force
G0 small-strain shear modulus
Hi cell dimensions
L inertia number
M effective stress ratio at the critical state

N0
p , N

1
p number of particles with zero and one contact,

respectively
Nc, Np number of contacts and number of particles

p hydrostatic stress or mean effective stress in triaxial
test

pa reference atmosphere pressure
q deviatoric stress in triaxial test

Vs shear wave velocity
Vs1 stress-normalised shear wave velocity
v particle velocity

Z, ZM coordination number and mechanical coordination
number

γvel velocity damping coefficient
δn contact normal overlap
δt relative tangential displacement
ei cell average strain tensor
μ interparticle friction coefficient
ρd dry sample density
ρg particle grain density
σ cell stress tensor
W state parameter
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